The contribution of drift current in the inverse Faraday effect of cold plasma. by Tsui, Chi Wa. & Chinese University of Hong Kong Graduate School. Division of Physics.
THE CONTRIBUTION OF DRIFT C?JRR ENT IN THE
INVERSE FARADAY EFFECT OF
COLD PLASMA
漂 移 電 流 對 冷 等 離 子 體 中
倒 法 拉 第 效 應 之 貢 獻
by
Tsui Chi Wa
（ 徐 志 華 ）
A Thesis Submitted In Partial Fulfillment
of the Requirements for the Degree of
Master of Philosophy in Physics







II . The inverse Faraday effect without
drift current
2.1 The physical picture and the dispersion
relation
2 . 2 The induced magnetic field from
magnetization current
2.3 Comment on results of other authors
2.3.l. Pomeau and Quemada' s expressions
2.3.2. Steiger and Hoods expressions
III. The contribution of drift current
from ponderomotive force
3.1 Stationary ponderomotive force
3.2 Nonstationary ponderomotive force
3.3 Comment on results of other authors
3.4 The drift current
3.5 Case study
3.5.1 High frequency limit


























I wish to express my gratitude to my supervisor,
Dr. H. M. Lai. His patient guidance is essential for this
work.
The financial support of the Institute of Science
and Technology of The Chinese University of Hong Kong is
cordially acknowledged.
4ABSTRACT
When a circularly polarized electromagnetic wave
propagates in a medium, a longitudinal magnetic field is
generated. This process is known as inverse Faraday effect
and was demonstrated experimentally by Deschamps, Fitaire
and Lagoutte (1970). The generation of the induced
magnetic field have been explained as due to the formation
of magnetization current only. The purpose of this paper
is to present the contribution of the drift current
arising from ponderomotive force to the effect.
Stationary and nonstation ary ponderomotive force
are derived. The controversy of the expression of the
nonstationary ponderomotive force is clarified. A
differential equation is obtained for the induced
magnetic field in case of stationary ponderomotive
force. Subsequently, it is solved in the high frequency
limit-and the low frequency limit. In the high frequency
limit, the contribution of drift' current is found to be
dominant. While in the low frequency limit, the




The generation of a longitudinal magnetic field in a
medium due to the presence of a propaejat nq circularly
polarized electromagnetic wave is commonly known as the
inverse Faraday effect.
This effect has been attributed to the existence of
magnetic dipoles due to the circulating electrons driven
by the wave,
Both theoretical and experimental investigation on
this effect with solids and liquids have been carried by
Pershan (1963), and Van der Ziel, Pershan and Ma.lnstrom
(1965, 1966)
For plasmas, experimental demonstration of this effect
has been done by Deschamps, Fitaire and L agoutte (1970)?
and theoretical consideration has been made by Pomeau and
Quemada (1967), Steiger and Woods (1972) and 1 alin,
Kaftandj ia.n and 'Klein (1975).
In all the previous treatments, the effect was
explained as due to the formation of magnetization current
in the medium.: 'However, the intensity of any real beam of
radiation is nonuniform later ally and therefore ponderomotive
force could exist and induce drift currents which may
cont-ibute to the induced magnetic field in the inverse
Faraday effect,
The purpose of this paper is to study the drift current
arising from ponderomotive force and -its contribution to
the inverse Faraday effect,
In Chapter Ill the physical picture of the inverse
Faraday effect due to magnetization current is presented,
2The dispersion relation and the induced magnetic field without
drift current are derived. They are compared with previous
treatments.
In chapter III, the stationary and nonstationary
ponderomotive force, arised from nonuniform radiation and
time-dependent field amplitude, are discussed. The expressions
of other authors are commented, Also, the result is applied
to evaluate drift currents and the resulting induced magnetic
field.
3CHAPTER II
THE INVERSE FARADAY EFFECT WITHOUT DRIFT CURRENT
In this chapter, we study the inverse Faraday effect
without the drift current. The dispersion relation and the
expression of induced magnetic field are derived and compared
with previous treatments. The contributions of ion species
and the external magnetic field, which are neglected in the
previous treatments, are taking into account.
2.1 The physical picture and the dispersion relation
When a circularly polarized electromagnetic wave
propagates in a plasma, it drives the particles (electrons
or ions) into circular motion. This gyration generates a
magnetization current and-gives the induced magnetic field.
Before we calculate the induced magnetic field, let us
derive the dispersion relation.
A circularly polarized elec Croiiacjnetic wave propagating
along the z-axis can be represented by
and
arid is the helicity.where
for R-wave
for L-wave
Consider a constant: and uniform external magnetic
field pointing towards positive direction. If B,j and
represent the external and induced magnetic field,
respectively, the total magnetic field is




Since the rotating field is circularly polarized,
the second term of the left hand side of equation (2. 1)
vanishes. The velocity is1
(2.2)
Bext and are the cornponents of Bo and
along the positive direction.
From equation (2.2), the velocity of electron and
ion for R-wave are
(2.3)
5For L-wave, the velocity of electron and ion are
(2.5)
(2.6)
Thus v is parallel or antiparallel to B but it
is perpendicular to E. It is to he noted that the electron
and ion are rotating in the same sense. Owning to its inertia,
the velocity of ion is far less than that of electron except
in the case of resonance. Also, the frequency of rotation is Wa
If N stands for the number density of ion and it stands
for the number density of electron, then by assuming quasi-
neutrality (i.e. N Ze ne)
the current generated by the circulating charges,
(2.7)
6The conductivity for R-wive is,
(2.8)
where M is the mass of ion,
and
The conductivity for L-wave is,
(2.9)
7The dispersion relation for R-wave ,is
(2.10)
The dispersion relation for L-wave is
(2.11)
2.2 The induced macrnetic field froam magnetization current
From equations (2.3), (2.4), (2.5) and (2.6), it can
be seen that the rotating electric field drives the charged
particle into circular motion. Each gyrating charge
particle forms a small current loop whose magnetic dipole
moment may be expressed as
(2.12)
for an electron, and
(2.13)
for an ion.
8The magnetization is thus
From equation (2. 3), (2.4), (2.12) .arlc1 (2.13), we obtain




The induced magnetic field is simply
(2.16)
9From equation (2 .14), (2.15) and. (2.16), it can seen
that it is difficult to obtain the explicit tunction of
However, if we consider one species only, say electron,








Consider equations (2.17) and (2.19), if the external
magnetic field vanishes, the equations are the same as the
dispersion relations derived by Pomeau and Quemada.
If the induced magnetic field is weak and e is far
less than W, equations (2.18) and (2.20) become the
equation of induced magnetic field derived by Pomeau and
Quemada.
2.3 Comment on results of other authors
2.3.1 Pomeau and Quemada's expressions
In the paper of Pomeau and Quemada (1 657),
the expression for a dipoie moment is the same as that in
equations (2.12) and (2.I3).
(2,21)
Where r was the radius of the electron orbit.
They assumed that `he radial force on a circling








It is to be noted that only electrons were considered.
(2.24)
(2.25)
The above two equations can be compared with equation
(2.17) and (2.19).




which can be compared with equation (2.18) and (2.20).
2.3.2 Steiger and Woods' expressions
The elementary orbit radius in the paper of Steiger and
Woods (1972) was the same as the orbit radius in the paner of
Pomeau and Quemada (1967).
(2.27)
means the absolute value of since the
symbol e carried sign in their paper.








If external :aagne tic field is considered, equation
(2.29) will be changed to
(2.30)
where
Consider classical case( ) and compare
equation (2,30) with (2.17) and (2.19), the expressions
are the same since the sign of Bind is negative for R-wave
and positive for L-wave
14
The induced magnetic induction generated from the orbital
motion of the charged particle was
The equation (2 ..31) is the same as equations (2.1.8) and
(2.20) when the external rnacjnetic field is absent
15
CHAPTER III
THE CONTRIBUTION OF DRIFT CURRENT FROM STATIONARY
PONDEROMOTIVE FORCE
In the previous treatments of the i1-iverse Farnday effect,
the circularly polarized electromagnetic radiation was
assumed to be a plane wave and the static magnetic field
was uniform and constant. Howwwever,
these assumptions does not resemble the actual experimental
situation. In other words., the intensity of a real beam
of radiation is nonuniform along the transverse direction
it is well known that pondermotive force would arise in
these situations.
Drift currents may therefore be generated. The existence
of drift current will contribute a magnetic induction which
was neglected by previous workers.
In this chapter, we start from the hydrodynamic
equations of cold plasma to derive the ponderomotive force.
This derivation had been done by several authors Klima (1960),
1ashi mi KCarpman (1976). Klima Petrzilka (1973). Kono,
Skoric ter Haar (1980). Tskkakaya (1901), IKar pman Shaeral..ov
(1982) We here simply follows the method of Klima (1968)
to derive the stationary ponderomotive force and the associated
drift current,
3.1 Stationary ponderomitive force
From the hydrodynamic equation, if we neglect the
collision terra and the pressure term, the equation of motion
for cold collisionless plasma is obtained.
16
(3.1)
where E., B. are the slow varying fiold, and E1, B1
also for ion
for electron.
The assumptions in the drift approximation can be
formulated more exactly by the following parameters and
condition.
where in the cyclotron frequency.
is the characteristic length of inhomogeneity
0f the quasi-static fields
is the characteristic length of
inhomogeneity of the high frequency fields
is the snorest characteristic time of the
slowly varying quantities of the E.M.
field ,and
is the velocity of the particle.
The assumptions
and are made.
( B, << B ) are the fast oscillating field.
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All equations descriding the motion Smoothed with
respect to fast oscillations nand cyclotron rotation
will be derived with an accuracy of 0.
The velocity is also resolved into the Zveracred and
fast components.
The fast oscillating component satisfies the ectuation,
(3,2)
The equation of mation for the smoothed quantities is
(3.3)
18
introducing the qu nt1ty
( 3.4 )








3.2 Nonstationar. ponderomotve force
In this section, we consider the ponderomnotive force
exerted on a plasma by an oscillating field with slow time-
dependent amplitude. Hence, the ponderonotive force
derived in the last chapter has to be generalized. We
follow the method of Karpman and Shagalov(1982), but the
process of derivation is different,
Since the amplitude of the oscillating field varies
slowly with time, the fora of E and B, in the equatior
of motion (3.1) is changed.
Where is a parameter indicating the order of smallness.
In this section, we follow the method of Karprnan and
Shzigalov (1982). The following functions may also be
divided into slowly changing and oscillating parts.
Where < > denotes taking average over the period
and (electrons, ions).
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TO the accuracy of the second order in amplitude
and to the first order in the equation of motion for
the fast oscillating,component is
(3.6)
and the equation of continuity for the fast oscillating
component is
(3.7)
The s1o.i varying component satisfies the equation
(3.8)
and the equation of continuity for slow varying component is
(3.9)
21




is the partial conductivity tensor.and
If the term in equation (3.10b) is neglected, it is
the.same velocity as v, in equation (3.2).
From equation (3.7),the oscillating component of number
density is




The above two equations can be transformed into the
equations in Karpman and Shagalov(1982) by using the relation




equation (3.9) can be rewritten as
(3.12)
If the renormalized velocity U is defined by
(3.13)














and it is eciuai to the magnetization in equation (3.8b),
Thus is the magnetization current.
Fcruation (3.16) can be f urt-her trancfor.-mecl
And the i th componneut of
is
25
Eventually, we obtain the same equation for
in Karpman and Shagalov (1982).
(3.19)
since there are two s roecies of charqod particle,the






The term 11 represents





From equation( 3.19 )1 if the terms are
neglected,
where W is the same as ern_uation (3.5b)
3-3 Comment on results of other authors
The expression for the ponderornoti ve force of a
high -frequency field with slowly varying amplitude was
considered by many atzthors Up to glow different approach have
different expressions and the controversy is still
existing. Here we discussed some papers which are usually quoted.
In Wash i mi and Karpm an (1976). the ponderomotive force







which can be compared with equation (3.20).
T n Klima and Petrz lka (1978), the non stationary.
ponderomotive force for plasma electrons and ions was
der ived








Compare equations (3.25) and (3.26) with (3.19),
it is found that
The results of Klima and Petr Ilka (1978) is different
from that of Washimi and Karplan (1976) by
In Karpman and Shagalov (1982'Y, it was claimed that
this term was of order 2 and could be neglected.
However, Lee and Parks (1983) claimed that this term was
of order and can not be ignored.
Here, we evaluate the order of this term by analysis the
assertion of Karpman and Shagalov (1982)
Starting from the form of the field amplitude assumed in
Klima and Petrzilka (1978),




Using the equation 8h v D= o
Taking frequency and time derivatives of the above
aE
equation t and keeping in mind that at is of order E2
32
Thus, it can be seen that is of order 3t2
and the difference between Klima and Petrzilka (1978) and
Washimi and Karpman (1976) is of order 2 which may be
neglected,
304 The drift current
In this section, the stationary ponderornotive force
derived in section (3.1) is applied to find the drift
current. Then, plasma under nonuniform radiation is analysed.
Here, we start from the averaged electric current to find the
magnetization current and the drift current,
The averaged electric current density
(3q27)
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From the equation of continuity, we obtain the
oscillaitn(, component of density,
(3e28)
From equation (34), (3.27)arncl (3.28)
(3.29a)
(3.29b)
From equation (3.2), if a circularly polarized
electromagnetic wave is substituted into the fast




the fast oscillating velocity component is
(3.30)
Note that, this is the same velocity as that in equations
(2.3), (2.4), (2.5) and (2,6).
Substituting equation (3.30) into (3.29b)
(3.31)
where
For a electronic plasma, m=me and
(3.32)
From equation (3.31), it is obvious that the contribution
of ions to the magnetization. is very small and therefore
it is neglected.
Equation (3.32) is the same as equation (2.14) and
(2.15) for different helicity if only one specie of
particles is considered
Hence, it can be concluded that M. in equation
(3.29a)is the averaged magnetic moment of oscil1ating
currents in unit volume. The term is the
35
magnetization current from circulating charges. Furthermore,
the term n o L represents the drift current from
ponderomotive force
3.5 Case Study
From equation (3.5a), if strong external magnetic




it is the drift velocity due to thn force -W
(3.35)
it is the electric field drift velocity.
Since the electric field drift velocity is the same
for electrons and ions, it does not give rise to a drift:
current.
Hence, the drift current comes from V w only.
if we subsitute equation (3.30) into equation (3 . 5b),
36
(3.36)
Due to the inertia of ion., its contribution to the
force” “can be neglected. In other words
the force” -W “acting on electrons is far greater
than that on ions.
In cylindrical coordinates., W is independent of
and
Substitute equation (3.36) into equation (3.34).
(3.37)
where





equation (3.39) can be modified.
(3.40)
Substitute equation (3.31) into (3-40)
3
(3.41)
Solving the above differential equation, we obtain the
value of and hence the value of Bind
38
3.5.1 High Frequency Limit
For extremely high frequency
equation (3.14) becomes
Since strong external magnetic field exists, the charged particles
can not nove easily in the traverse direction. It is reasonable to
assume the variation length of averaged number density is
l o n g e r than the variation length of E2 Hence
the averaged number density in the equation can be placed in
front of the partial derivative symbol.
The second term on the left hand side which comes from
the magnetization current is much smaller than the term




'From equntion(3.31),taking the linit
Yus,
(3.43)





From equation (3.45), it can be seen that Bind, is in the
opposite direction of B, there will be no solution for the
induced magnetic field if the external is weak or absent. To
explain this phenomenon, we have to examine the physical
picture. In the case of R-wave, the direction of magnetization
current of electron is in the negative direction of . While
in the case of L-wave, the direction of magnetization current
of electron is in the positive direction of e. However, in
the high frequency limit, the contribution of drift current




It can be proved that the direction of magnetic field
generated by drift current is in opposite direction of the
total magnetic field. Since the total magnetic field is the
sum of the external and induced magnetic field, it is consistent
only if the external magnetic field is stronger than the
induced one. Thus, there is contradiction if the external
magnetic field is weak. To clarify this problem, we have to
go back to equation (3.5a). If the external magnetic field
is weak, the“ -VW ”force will push the electrons to escape
in radial direction before the development of drift current.
With the ion left behind, a electrostatic field is developed.
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Since the external magnetic field is weak, once the
electrostatic field developed cancels the “VW ”force, the
electrons will have a steady state, and no drift current for
electron any more. The induced magnetic field will be mainly
due to the magnetization current if ion is neglected.
However, the ions experience two forces..“-VW”orces, “-VW ”and the
electrostatic force, in the same direction. They are not in
steady state and will be gradually pushed radially outward if
the external magnetic field is not strong enough to hold them.
Eventually, the situation is so complicated that it cannot be
treated in the scope of this 'paper
3.5.2 Low Frectuency Limit
For extremely low frerruency
there is another inteLestinci result, again, assuming
the variation length of the average number density is





Again taking the limit w ,
(3.46)
If we take the limit of strong external magnetic field!
such that
the differential equation becomes
(3.47)
Consider the boundary condition,
(3.48)
It is obvious that the Bad is very small in the limit of




In this paper, we have studied the inverse Faraday effect
of the cold collisionless plasma when a circularly polarized
electromagnetic wave is propagating.
The dispersion relation and the expression of induced
magnetic field without drift current are derived. They are the
same as the previous treatments if the external magnetic field
is set to zero and the wave frequency is far away from the
resonant frequency of the ion.
The nonuniformity of radiation would give rise to
stationary ponderomotive force. Both drift current and
magnetization current are discussed. A differential equation
(3.41) for induced magnetic field is obtained.
Both the high frequency limit and the low frequency
limit are studied. It can be concluded that when the external
magnetic field is strong enough, the contribution of the drift
current cannot be ignored especially in the case of high
frequency.
Expressions for nonstationary ponderomotive force arising
from time-dependent field amplitude are reviewed. Also, the
difference term between Klima and Petrzilka (1978) and
Washimi and Karpman (1976) is proved to be of order and
may be neglecte.Hence the controversy is resolved.
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Finally,we have to point out that we have restricted to
the cold collisionless plasma. Thus, the averaged plasma
velocity is assumed to be much less than the wave phase
velocity, but the wave frequency and the gyro-frequency are
assumed to be greater than the collision frequency. The density
gradient is assumed to be small and thermal motion of charged




The. derivation of equations (3. 5a) from equation (3.3)
involved tedious calculation in the paper of Klima (1960).
Here we prevent a straight forward calculation.
Since
and
equation (3. 3) becomes
Compare with equations (.3. 5a), c,e have to prove
the fol lowqi nc equation.
47
Consider the ith component of





chere exist a vector potenial A
where





Hence, the derivation is established.
= L.H.S.
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